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Here we discuss the following situation. Consider CPn with the standard
symplectic form ω such that its cohomology class [ω] ∈ H2(CPn) is a genera-
tor of H2(CPn). It’s very well known, see f.e. [3], that the canonical class K
of the projective space equals to −(n+1)[ω]. Consider the anticanonical line
bundle K∗ → CPn and fix a connection a on it such that the curvature form
Fa is proportional to the symplectic form ω. Let S ⊂ CP
n is a lagrangian
torus which satisfies the following property:
Definition 1 A lagrangian torus is called Bohr - Sommerfeld with respect to
the anticanonical class (or BScan for short) if the restriction (K
∗, a)|S admits
covariantly constant sections.
It’s not hard to see that the definition is correct so it doesn’t depend on
the choice of a, see, f.e. [4].
Let St, t ∈ [0, 1] is a family of BScan - lagrangian tori in CP
n, the result of
smooth lagrangian deformation of a given BScan lagrangian torus S0. Then
we have the following
Lemma 1 There exists a symplectomorphism φ of (CPn, ω) such that φ(S0) =
S1.
Indeed, for every St ⊂ CP
n there exists the corresponding Darboux -
Weinstein neighborhood ODW (St) ⊂ CP
n which is symplectomorphic to a
neighborhood of the zero section in T ∗St. Then it follows that there is some
small δ ∈ R+ such that Sl, l ∈ (t − δ, t + δ) is contained by ODW (St). Since
the segment [0, 1] is compact we can choose a finite covering of it by segments
1
2(ti − δi, ti + δi). Now one needs to show that all BScan lagrangian tori from
our family contained by the same Darboux - Weinstein neighborhood are
symplectomorphic. To do this take a pair Sα, Sβ ⊂ ODW (Sti) of BScan
lagrangian tori. According to the Darboux - Weinstein lemma, see [5], every
lagrangian torus from ODW (St) is represented by a closed 1- form on St.
Since all our tori are from the same BScan family it follows that both Sα, Sβ
are represented by exact forms dfα, dfβ where fα, fβ ∈ C
∞(Sti ,R) are smooth
functions on Sti . Of course we have in mind the representation of our local
picture inside of T ∗Sti . Inside of T
∗Sti the fact that the graphs of dfα, dfβ are
symplectomorphic is obvious and then we transport this one to the Darboux
- Weinstein neighborhood ODW (Sti).
It remains to choose a chain Sαi , Sβi such that
1. Sαi , Sβi ∈ ODW (Sti);
2. Sα1 = S0, Sβfin = S1;
and combine the corresponding symplectomorphisms to get the desired
symplectomorphism which maps S0 to S1.
As a corollary we get the following proposition
Proposition 1 Let S0, S1 ⊂ CP
n are BScan lagrangian tori which can be
joined by a family of BScan lagrangian tori. Then there exists a symplecto-
morphism which maps S0 to S1.
The arguments used above can be extended to the case when two given
BScan lagrangian tori can be joined by a family which can contain non BScan
lagrangian tori.
Consider lagrangian family St, t ∈ [0, 1] such that almost all St are BScan
except some small subsegment St, t ∈ (t0 − δ, t0 + δ) of tori contained by the
Darboux - Winstein neighborhood of certain St0 . For this situation we can
extend the arguments used above modulo certain correction which comes with
certain characteristic class discussed in [4]. Recall that a BScan lagrangian
submanifold S of a monotone simply connected symplectic manifold admits
an integer class mS ∈ H
1(S,Z) which was called the universal Maslov class.
The extension of Lemma 1 looks as follows
Lemma 2 Let S0, S1 ⊂ CP
n are BScan lagrangian tori which can be joined
by some lagrangian family St, t ∈ [0, 1] . Let St0 ⊂ CP
n is a lagrangian
torus from the family such that both S0, S1 are contained by its Darboux -
Weinstein neighborhood ODB(S). Then S0 and S1 are symplectomorphic if
and only if mS0 = mS1.
3Note, that since mSi ∈ H
1(Si,Z) one could not compare these classes in
general situation. But here we have some lagrangian family, joined S0 and
S1, and thus one has an identificaion of the groups.
Consider the Darboux - Weinstein neighborhood ODW (St0) and trans-
port S0 and S1 to the corresponding neighborhood of the zero section inside
T ∗St0 . We denote the images by the same symbols. Over St0 the (images of)
lagrangian submanifolds are presented by two closed 1 -forms, α0 and α1. S0
and S1 are symplectomorphic if and only if the forms represent the same co-
homology class in H1(St0 ,R). Remark that S0 and S1 have the same Maslov
indecis being in the same family. It follows that every pair of loops γ0, γ1,
γi ⊂ Si and [γ0] = [γ1] under the identification mentioned above, is joined
by tube of zero symplectic area if and only if mS0 = mS1 . Thus mS0 = mS1
if and only if for any pair of cohomologically equivalent loops γ0, γ1, γi ⊂ Si∫
γ0
ρ =
∫
γ1
ρ
by the Stokes formula, where ρ is the canonical 1 - form on T ∗St0 . Further,
by the definition of the canonical 1 - form on T ∗St0 we have that for any loop
γ ⊂ St0 ∫
γ
α0 =
∫
γ
α1.
It is possible if and only if [α0] = [α1] ∈ H
1(St0 ,R). This means that
α0 − α1 = df,
where f is a smooth function on St0 whose hamiltonian vector field generates
the desired symplectomorphism which maps S0 to S1.
Now we can extend slightly the statement of Proposition 1.
Let St, t ∈ [0, 1] is a lagrangian family with small non BScan pieces, so
every non BScan piece is covered by the Darboux - Weinstein neighborhood
of a member. Then one has
Proposition 2 Let S0, S1 ⊂ CP
n be BScan lagrangian tori in the projective
space. If there exists a lagrangian family with small non BScan pieces and
such that all BScan members have the same universal Maslov class, then S0
is symplectomorphic to S1.
The simple remarks, presented above, could be exploited to study la-
grangian families which join lagrangian tori of Clifford and Chekanov types
4in CP2 in the representation, given in [2], and as a corollary one would get
that a BScan torus of Chekanov type is not monotone.
References
[1] Arnol’d V.I., Givental’ A.G., ”Symplectic geometry”, Enciclopedia of
Math., Springer, Berlin (1985).
[2] D. Auroux, ”Mirror Symmetry and T-duality in the complement of an
anticanonical divisor”, arXiv:0706.3207
[3] P. Griffits, J. Harris, ”Principles of algebraic geometry”, Wiley NY 1978
[4] N. Tyurin, ”Universal Maslov class of Bohr - Sommerfeld lagrangian
embedding into a pseudo - Einstein manifold”, Theor. Math. Phys., 150
(2) 2007, 278 - 287
[5] A. Weinstein, ”Lagrangian submanifolds and Hamiltonian systems”,
Ann. of Math, 98 (1973), 377 - 410
